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Setting: (X, T)

X is a Cantor Set and T is @ minimal homeomorphism on it.
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Setting: (X, T)

X is a Cantor Set and T is @ minimal homeomorphism on it.

To "model" a minimal Cantor system with a sequence of tower partitions
and morphisms.
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Setting: (X, T)

X is a Cantor Set and T is @ minimal homeomorphism on it.

To "model" a minimal Cantor system with a sequence of tower partitions
and morphisms.
We are going to learn about:

Bratteli Diagrams, Vershik systems, Kakutani-Rokhlin partitions, Strong
Orbit equivalence (with the time permission).
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Minimal Dynamical Syetms on Cantor Sets.

For (X, T) the followings are equivalent.
o (X, T) is minimal.

@ Every point has a dense orbit.
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Minimal Dynamical Syetms on Cantor Sets.

For (X, T) the followings are equivalent.
o (X, T) is minimal.
@ Every point has a dense orbit.

@ For every clopen set U,

UnoioT_n(U) = X
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Minimal Dynamical Syetms on Cantor Sets.

For (X, T) the followings are equivalent.
o (X, T) is minimal.
@ Every point has a dense orbit.
@ For every clopen set U,
UnoioT_n(U) = X
In fact, compactness implies that

VY clopen U C X, I N; UM T-"(U) = X.
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Minimal Dynamical Syetms on Cantor Sets.

For (X, T) the followings are equivalent.
o (X, T) is minimal.
@ Every point has a dense orbit.
@ For every clopen set U,
U, T7"(U) = X.
In fact, compactness implies that
VY clopen U C X, I N; UM T-"(U) = X.

Examples: Odometers, primitive substitution, interval exchange
transformations,...
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Minimal Dynamical Syetms on Cantor Sets.

For (X, T) the followings are equivalent.
o (X, T) is minimal.
@ Every point has a dense orbit.

@ For every clopen set U,
U, T7"(U) = X.
In fact, compactness implies that
VY clopen U C X, I N; UM T-"(U) = X.

Examples: Odometers, primitive substitution, interval exchange
transformations,... They all can be considered as a Bratteli-Vershik
system.
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Let's see what a Bratteli-Vershik system is.
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Bratteli Diagram.

We construct an infinite graph

B =(V,E).
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Bratteli Diagram.

We construct an infinite graph

B =(V,E).

@ The graph B has infinite number of vertexes that are grouped
in an infinite sequence of finite sets:

V=WuviuVvol---, Vo={w} [Vi[=n

So
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@ The set of edges of the graph is:

E=EUEUEU---,

where E; is the finite collection of edges that each one connects a
vertex in V; to a vertex in Vi
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@ The set of edges of the graph is:

E=EUEUEU---,

where E; is the finite collection of edges that each one connects a
vertex in V; to a vertex in Vi

Vo

Ey
i

Eo
Va

Es
Vi
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@ the number of edges between véi) and v,EiJrl) is equal to M;(¢, k).
So M; is a |Vit1] x | V| matrix.

Vo
1
=] .
Vi
5 2
My= |4 1 E,
11
Va
1 2 2
MS:[I 2 1] By
V3
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For diagram (1): all M; = [2] and for diagram (2):

2 3
M0:|}:|, M1= 1 4 aHdM2:|:3 1 1:|,
1 2
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For diagram (1): all M; = [2] and for diagram (2):

1 2 3
M(): |:1:|, M1= 1 4 and M2: |:
1 2

Each edge e has a source vertex: s(e) and a range vertex: r(e). In fact:

r:E,-+1—> Vi+17 SZE,'+1—> Vi
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Partial ordering on E.

For every i > 1 and every v € V;, consider the set:

E,={ecE: r(e)=v}
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Partial ordering on E.

For every i > 1 and every v € V;, consider the set:
E,={ecE: r(e)=v}

and make a lexicographic ordering on it.
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Partial ordering on E.

For every i > 1 and every v € V;, consider the set:
E,={ecE: r(e)=v}

and make a lexicographic ordering on it.

In this way for every i, E; will be a partially ordered set.
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Partial ordering on E.

For every i > 1 and every v € V;, consider the set:
E,={ecE: r(e)=v}

and make a lexicographic ordering on it.

In this way for every i, E; will be a partially ordered set.Indeed, Every two
edges e, €’ are comparable, e < €', if and only if r(e) = r(€’).
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Then we say that B = (V, E, <) is an ordered Bratteli diagram.
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Then we say that B = (V, E, <) is an ordered Bratteli diagram.

Remark. Since the ordering on r~1(v) is linear (lexicographic) we
can consider the minimum ordinal number and the maximum
ordinal number for it.

r_l(v) = {emina B emax}-
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Finite paths.

For every ¢, k € N, k < ¢ consider the set of all (finite) paths between V,
and Vi:

Pz,k = {(ek+1, €,..., eg) : r(e,-) = 5(e,-+1),5(ek+1) S Vk, r(eg) S Vg}

Below, there are 5 finite paths from level V4 to level V5.

V5
(0}
)
<
! 2
L (L N
° \I;/ E
«
o
5
& o
2 b K
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Orderings on finite paths.

consider all finite paths from V, to a fixed vertex in V. In fact,
(ek+1, €, ..., €0) > (61i1:€s s €p)
if and only if
Ji; k+1<i<l e>el, Vi<j</{ ej:ej’-.

Below : (e, e, €3) < (f1, 2, €3) < (1, &1, 82)-
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Existence of infinite min and max paths.

Fist of all, by Konig's lemma, there are infinite paths on each Bratteli
diagram.

konig's lemma. Every infinite, locally finite and connected graph has
infinite paths.
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Existence of infinite min and max paths.

Fist of all, by Konig's lemma, there are infinite paths on each Bratteli
diagram.

konig's lemma. Every infinite, locally finite and connected graph has
infinite paths.

Proposition

For every v € V,, C V there exists a unique finite path in Ey.x (resp.
Enin) from vy € Vg to v.
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Existence of infinite min and max paths.

Fist of all, by Konig's lemma, there are infinite paths on each Bratteli
diagram.

konig's lemma. Every infinite, locally finite and connected graph has
infinite paths.

Proposition

For every v € V,, C V there exists a unique finite path in Ey.x (resp.
Enin) from vy € Vg to v.

Let Emax (resp. Emin) be the set of all maximal (resp. minimal) edges in
the partially ordered set E and consider the subdiagram(s) containing
only Epnax (resp. Epmin)-

Maryam Hosseini Bratteli-Vershik Models of Cantor Minimal Systems



Emin Emax
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Then by the Konig’s lemma there exist infintie paths in these two
subdiagrams.
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Then by the Konig’s lemma there exist infintie paths in these two
subdiagrams.

If we start from vp, we can just pass through edges with minimal (resp.
maximal) ordinal numbers to make infinite mini (resp. max) path(s).

Maryam Hosseini Bratteli-Vershik Models of Cantor Minimal Systems



The topological space Xg.

For a Bratteli diagram B = (V, E) consider the set of all infinite path
with the initial source vy € Vp:

Xg={(e1,e,...): e €E, r(e)=-s(er1)}
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The topological space Xg.

For a Bratteli diagram B = (V, E) consider the set of all infinite path
with the initial source vy € Vp:

Xeg={(e1,e,...): e €E, r(e)=s(e1)}
Equipe Xg with the topology generated by the following cylinder sets:

Uler, e, ex) = {(finfo,...) € Xai fi=e;,1< i< k.
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The topological space Xg.

For a Bratteli diagram B = (V, E) consider the set of all infinite path
with the initial source vy € Vp:

Xg={(e1,e,...): e €E, r(e)=-s(er1)}
Equipe Xg with the topology generated by the following cylinder sets:
Uler, e, ex) = {(finfo,...) € Xai fi=e;,1< i< k.

So we consider the set of all these cylinder sets as the basis of the
topology on Xg.
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V)

N
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@ Cylinder sets are in fact finite paths from vp.

@ Each of the above cylinder sets is also closed. Because the number
of finite paths from the top is finite and so the complement of each
cylinder is a finite union of such cylinder sets. So they are clopen.
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@ Cylinder sets are in fact finite paths from vp.

@ Each of the above cylinder sets is also closed. Because the number
of finite paths from the top is finite and so the complement of each
cylinder is a finite union of such cylinder sets. So they are clopen.

@ So it can be seen that Xg with this topology is a compact Hausdorff
space with a countable basis of clopen sets. It is totally
disconnected. (Exercise.)
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Cylinder sets are in fact finite paths from vp.

Each of the above cylinder sets is also closed. Because the number
of finite paths from the top is finite and so the complement of each
cylinder is a finite union of such cylinder sets. So they are clopen.

So it can be seen that Xg with this topology is a compact Hausdorff
space with a countable basis of clopen sets. It is totally
disconnected. (Exercise.)

Remark. To define the topology we didn't need the ordering.
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@ Xp with the above (second countable) topology is metrizable. So
there exists a metric d : X x X — R that is compatible with this
topology.
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@ Xp with the above (second countable) topology is metrizable. So
there exists a metric d : X x X — R that is compatible with this
topology.

@ Therefore, for every § > 0 there exists kg € NU {0} so that

d(x,y) <d = x,y agree on their first ky edges.
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@ Xp with the above (second countable) topology is metrizable. So
there exists a metric d : X x X — R that is compatible with this
topology.

@ Therefore, for every § > 0 there exists kg € NU {0} so that
d(x,y) <d = x,y agree on their first ky edges.

So each finite path of depth k is a neighbourhood around the
(points) all infinite paths that their initial k edges are that finite
path.
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Telescoped Bratteli diagram.

Consider (B, V) and fix a sequence (n;);>1 and consider a new diagram
B’ = (V' E") where

/
M:; =M, X Mp,_1 X -+ X Mp,_, 41

This new diagram is called a telescoped diagram from B = (V, E).

Level Incidence matrix slei
-l

. & \/\\\ ) \//\\ﬂ

ntl
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Equivalent Bratteli diagrams.

@ Two Bratteli diagrams B = (V,E) and B’ = (V' E’) are called
equivalent if they can be constructed by telescoping of a third
diagram along two subsequences.
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Equivalent Bratteli diagrams.

@ Two Bratteli diagrams B = (V,E) and B’ = (V' E’) are called
equivalent if they can be constructed by telescoping of a third
diagram along two subsequences.

( (

@ In particular, Every telescoped form of a Bratteli diagram
B = (V,E) is equivalent to it.
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Microscoping.
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Symbol Splitting.

This is a kind of microscoping that gives us an equivalent Bratteli
diagram.
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Stationary Bratteli Diagram.

The Bratteli diagram (B, V, <):

@ is called of finite rank d If there exists a telescoped form of it such
that
Vi>1: |V|is the constant d.
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Stationary Bratteli Diagram.

The Bratteli diagram (B, V, <):

@ is called of finite rank d If there exists a telescoped form of it such

that
Vi>1: |V|is the constant d.

@ is called stationary if there exists a telescoped form of it so that it is
of finite rank d for some d € N and for every i > 1:

M; = M.
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Stationary Bratteli Diagram.

The Bratteli diagram (B, V, <):

@ is called of finite rank d If there exists a telescoped form of it such

that
Vi>1: |V|is the constant d.

@ is called stationary if there exists a telescoped form of it so that it is
of finite rank d for some d € N and for every i > 1:

M; = M.

@ is called stationary ordered if it is stationary and when we fix some
jeA{l,---,d} then

Vi >1: the partial orderings on ril(vj(i)) are the same.
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Example.
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Simple Bratteli diagrams..

@ The Bratteli diagram B = (V, E) is called simple if there exists a
telescoped of it, say B’ = (V’, E', {M!};), such that

Vi>1: M >0.

It means that for every two different vertices u, v in two different
levels k, ¢, there exists at least one finite path between these two
levels that connects u to v.
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Regardless of the ordering, the following diagram is not simple.
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This implies that Xpg, equipped with the above topology, does not have
any isolated point and therefore, it is a Cantor set.
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This implies that Xpg, equipped with the above topology, does not have
any isolated point and therefore, it is a Cantor set.

@ An ordered diagram B = (V, E, <) is called simple ordered if
B = (V,E) is simple and with its ordering it has a unique infinite
min path and a unique infinite max path. i.e. there are exactly two
infinite paths (e, e,...) # (fi, f,...) such that

Vi S Emina f; S Emax~

Maryam Hosseini Bratteli-Vershik Models of Cantor Minimal Systems



This implies that Xpg, equipped with the above topology, does not have
any isolated point and therefore, it is a Cantor set.

@ An ordered diagram B = (V, E, <) is called simple ordered if
B = (V,E) is simple and with its ordering it has a unique infinite
min path and a unique infinite max path. i.e. there are exactly two
infinite paths (e, e,...) # (fi, f,...) such that

Vi S Emina f; S Emax~

@ Remark. In some literatures, an ordered Bratteli diagram which has
unique minimal and maximal infinite paths is called properly
ordered. Note that such a diagram may not necessarily be simple.
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With respect to the ordering, the following diagram is not simple.
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Vershik system.

Consider a simple ordered Bratteli diagram B = (V, E, <) and the
Cantor set Xg. Define a map Tg : Xg — X with

° TB(XInax) = Xmin-
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Vershik system.

Consider a simple ordered Bratteli diagram B = (V, E, <) and the
Cantor set Xg. Define a map Tg : Xg — X with

° TB (Xrnax) = Xmin-

@ For every point xpax # x = (€1, €2,...) € Xg if iy is the first / that
e ¢ Emax then this edge has a successor (between all the edges

with the range r(e;,)). Let's call its successor by f; then

TB(617 ey eioa .. ) = (emina €miny « -+ » €min, figv eio+17 .o )
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Vershik system.

Consider a simple ordered Bratteli diagram B = (V, E, <) and the
Cantor set Xg. Define a map Tg : Xg — X with

° TB(XInax) = Xmin-

@ For every point xpax # x = (€1, €2,...) € Xg if iy is the first / that
e ¢ Emax then this edge has a successor (between all the edges

with the range r(e;,)). Let's call its successor by f; then

TB(617 ey eioa .. ) = (emina €miny « -+ » €min, figv eio+17 .o )

(XB, Tg) is called the Vershik system on (B, <).
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It is easy to see that

@ Tp is a homeomorphism. (Exercise.)

e (Xg, Tg) is a minimal system. i.e. every point (infinite path)
has a dense orbit. (Exercise.)
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You wanna know some examples?
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You wanna know some examples?

Proposition

Let (X, T) be a minimal Cantor system and x € X. There exists a
Bratteli-Vershik system (Xg, Tg) that is conjugate to (X, T).
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You wanna know some examples?

Proposition

Let (X, T) be a minimal Cantor system and x € X. There exists a
Bratteli-Vershik system (Xg, Tg) that is conjugate to (X, T).

To prove this we need to know Kakutani-Rokhlin partitions of
minimal Cantor systems.
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You wanna know some examples?

Proposition

Let (X, T) be a minimal Cantor system and x € X. There exists a
Bratteli-Vershik system (Xg, Tg) that is conjugate to (X, T).

To prove this we need to know Kakutani-Rokhlin partitions of
minimal Cantor systems. For doing that we have to recall the
notion of first return time map.
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First Return Time map.

clopen

Let (X, T) be a minimal Cantor system and U C X. For every x € X
the the first return time map is defined by

n(x)=inf{neN: T"x e U} >0.
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First Return Time map.

clopen
Let (X, T) be a minimal Cantor system and U 5 X. For every x € X
the the first return time map is defined by
n(x)=inf{neN: T"x e U} >0.

n(x) exists for every x as the system is minimal.
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First Return Time map.

clopen

Let (X, T) be a minimal Cantor system and U C X. For every x € X
the the first return time map is defined by

n(x)=inf{neN: T"x e U} >0.
n(x) exists for every x as the system is minimal. In fact, the above sets

have bounded gaps. (Exercise.)
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First Return Time map.

clopen

Let (X, T) be a minimal Cantor system and U C X. For every x € X
the the first return time map is defined by

n(x)=inf{neN: T"x e U} >0.

n(x) exists for every x as the system is minimal. In fact, the above sets
have bounded gaps. (Exercise.) The induced system on U is the pair

(U, Ty) where
Tu(x) = T,
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First Return Time map.

clopen

Let (X, T) be a minimal Cantor system and U C X. For every x € X
the the first return time map is defined by

n(x)=inf{neN: T"x e U} >0.

n(x) exists for every x as the system is minimal. In fact, the above sets
have bounded gaps. (Exercise.) The induced system on U is the pair

(U, Ty) where
Tu(x) = T,

In some literatures this system (U, Ty) is called the derivative of (X, T)
on U.
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